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N EFFECT OF PHASING ERROR ON THE CONTROL

- A G i I Y
By: C, Mack
G.B. Lenglen

SRy

A previous report (GB/WORK/5/A28) deals with the oause and
magnitude of Phasing Error.

The present report considers the effleot of phasing error on the
oontrol of a G,P, and i3 ooncerned with the desipgn of the control
funotion; Cartesian and Polar Control Jyatems are considered., I
is shown that under sppropriate oonditions a simple Cartesian Control
systen cen be made atable whilat a simple form of Polar Control
proves to be unstable and the more camplicated form requires to be
studied on a machine.
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1e1e Bffect of mﬂi__n‘ Brrox

If .-n phasing error « is introduced, any control accelerations applied
40 the rocket are inclined at an angle « with the required direotion.
Whenevor « is greater than 90° the control aystem will be unstable
since instead of trying to restore the G.P. to the radar beam axis it
will direoct it away.
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The affeot of phasing error may be rsduced sither reduoing

i the phasing error itself (as is comsidared in GP/S '5/428) or

. by deaigning the oontrol function so that it will tolerate a large
error,

Pull equetions of motion relsting to the rsdar control,servo systen
and asrodynamic system together ara not trestod here. If
dispalcouents are more than some limiting size, non linesrity
nacessarily appesrs in certsin controls meking it simpler to
investigate the behaviour by means of a simulator (aee GP/WORK/S/ALT)e
The following treatrent applies only to the linear oase and therefore
represents parfornance for small displacements only.

. 1.2, Basio Principles

Thr oughout the report, oonsider the radar beam to be statiomary.
Suppose also that the slant range of the G,P. im sufficiently great
for variations of speed parallel to the radar beam axis to be
negligible. Hence all that need be oconsidered is the behavidur

of the G.P, in 8 plane at right angles toc the boam axia moving with

! it up the bean,

_! Congider Fig. 1 which represents this plane, the inatantaneocus
{ orosa=-gsaction through the projectile perpendicular to the beanm.

In the Polar Control system, the G.P. is fitted with silerons and
elevetors so that it may bank and climb. In thia oase the aim

is to bank the projectile so that its wings are normal to its
displacement from the beam axis, and then cause ib t0 climb or dive
towards the sxis., Suppose the polar co-ordinates of the projJectile
are (r,9) relative to the bean axis as origin, and some fixed

. initial roference line. ‘Then the radar system has to provide an
information 6 to enable the projectile to bank and en information
r to give the ateepness of the climb. This system has a dravback
in that the projectile poesses a certsin roll inertia and oannot
respond to a partioular information © by banking inatantly.

Pige 2 ropresants phe shtuation for thw Gartesian Control
Syatar.  The projoctils 48 raintaincd from rollinm so that the
cantrols cot as rudders and elevators cnabline it to turn and oliuvb,
If the oartesian coeardinatos of tho projuotile cre (x,y) whero x is
horizontt.al and y vertical, thon tho radar systca is expootod to provide
inforzmtion nbout x to tho rudders and ¥ to the clevators.

The two systons are fundamentally different bocause of the
roll inertia of the Polar Systems. With oartesisn control it
is possible to move the projectile in any direction inatsntly =
provided that the servos act instantly. However, with polar

; oontrol the projectile can irmediately move only normal to the
N pPlare of its wings. Due to roll inertia, an apprecieble tinw
§ will elopse bofore it is banked in the required direction. To
' minjo a stable Cartesisn systsn in the Polsr Control system

' would ruquire a complicated control function, and powarful
servos to overcoms the long time lag near the boan axise
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2, ' CARTESIAN CONTROL PUNCTIONS
2,1, Systen with Zero Phasing Error.

P p—— e, (]

Paragraph 1.2, describcs the basic principles of  this syaton .
To achisva simplicity, suppose that tho acccleration y is s function
2(y) whigh doas not depesnd on x.  Assure that a similar function is
applisd horizontally in the x direction so that the ncoclcration X = 5(x).

4 simple control is p(x) = = Ax = 3% 24901,
wh-ara A 8nd 3 aro constants, positiva for atability.
The squations of Lotion arvs
X+BX +Axa0 2.1.2,
y+By+Ay=0 2.1.3.
x 1s providod by tho radar systom and x is genorated from it,

A function of thesc foods the servo mechanism and rudders vhioh are
asswwd to act instantly and csusa an accelaration z(x).

~
Revirite aqustion 2.1.2. by substituting T = § t and denoting

d
T W

L0290 +8Dpsa]x=0

Since A and 3 ara positive, put 8 = VA and B = A8

where \ is positive, Then
(PP +rp+)x=0amd (PP +Ap+1)y=
The solutions are x = Ay exp (s1t) + Ap exp (apt)
y =By exp (a,t) + By oxp (ast) 2.1.5.

whare Ay Az By B, are deter:rl.ned by the initial conditions and

a4 8, are the roots of P2 +3p + 1 = 0. Both x and y dacay to zero
in time, becsusa A is positive snd raal.

2,2, System with Phasing Error o

When a phase orror of « axiasta, the radar systenm providas an
angle @ - @ inatead of 8, Instead of y = r sin @, it feads to the
servo r ain (@ = «) = ¥ €08 « - X 8in «: snd instead of x = r cos @,

it feads r co3 (0@ - «) = X 008 « + ¥ 0in «e 500 Fige J;tho effect
is the same as if tlx projectile is banked st an angle « instoad of
remaining normal to the radius vector.

Henco aquation 2.1.2 becomes
. ®

X+BXxcos e« +BY Sinu +AXc08 cesbhysineg=0 2.2,
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nnd a0 cquatiors. 2,1.4. becarwo:-

[P roosa(Apei1)/x + 8lnaAp+1/ y =0 2.2.2.

[PP+cosa (Ap+1)y - sine Ap+1/ x=0 2.2.3.
Henos /P + 2% 008 « p? + (2 cos & + 22) p? + 2 AP + 1_/x = 0 2.2,h

The solution to this is the oum of terms R exp (Y t) v@re R
is constant and x i a root of the equstion .

P+ 22 c0sapds (2cosa+r2)p? 42004 1 =0 2.2,5
If the real part of § is positive, this terw will inoreagse
indefinitely with time and so the motion cannot be stable. Hence
all the roots of 2.2,5, nust have negstive real psris.
Routh!s stability oriteria give the following inequslities.

2% cos x>0 2.2.6

22 (2 008% « 422 cos « =1)D0 2.2.7.

22 (32 cos « - sin? &) > @ ' 2.2.8.

Since A is positive and «{80°, 2.2.6 is satisfied and 2.2.8
includes 2,2.7.

2¢J. Stability

For a given i, stabls Eot:.on is possible provided that
« ga! where A2 cos «! = sine =1 may be called the maximum
phasin:t error for a siven A\ . Since \ = T:W,-‘ it is s ressure of
the amount of derivative control used in the control function.

Amount of i |
darivative control A 1.5 2.0| 30

<

Maximua

phasing error «! dearees ' 67.6 76.5-85.7;90

hen « = 03 A = 2 rives oritical damping since the roots of 2.2.5

are then equal. If A is takun as 2, the control is not aluggish for
small phasing srrors, and remains stsble for phesinc arrors aa large
a8 75°%  Thua it secens desirable that 3 = VA

2.4  Settling Dovm Time
The roots y of equation 2.2.5, also determine the settling

dovm time. The imaginary part of Y glves the pariod of the oscillatiom,

whils the raal psrt vhich is negative for stable f1light shows, the
time constant of the settlin: dmm.




The coaplete solution of 2.2,4 is:i=
% = R, exp (¥q6) + R, exp (Ezt) + Ry exp (KBt) + R, exp ("xht) 2,301

The coeffioients R are determined by initial conditions and so
must be taken as arbitrary constants, The sottling dovm time is
determined in general by tho ¥ with smallest real part, which
corresponds to the longest time constant.

Roots ¥ of 3.2.5.

Unstoble for o 51,7°

i 0.566
i 0.671
i 0,587
0.523
0.498
0, 456

i 0,866 0.5

i 1.075 -0.550
1.160 ~0,605
1.238 =0.613
1.260 -2617

i1.270 -0.618

I+ 1+ 1+ 1+ i+ 1+
I+ I+ I+ 1+ 1+ 1+

Unatable for «»76.3°

-1
1 . 0324 -00596
1 . 360 -0- 568
1.575 =0.535
Ly =0.515
1.87 =0.5
1 . 98 "O. ‘.}R‘J
i 2.03 =Ce478
2404 =Oe &7l

0

0. 2%
0.152
0e145
0. 142
001 58
0,130
0,07
0,060

25.

0
66. u°
72.5°
« 237 76.3°

I+ 4+ I+
e O
[ R o T B O R N
Lol el U T T

Some apecial cases have b?on ovaluated jn Figs &4, 5, 6, 7 with
the initinl conditions x =1, x = 0, ¥y = 0, ¥y = 0 and A = 2 for the
var:.ou:: valuos of cos o« = Qu6, 045, 0,3 and 0.25. In the graph x

lottej a‘%g.ngt T the peneraliaod time, rof porr "2,1. For «

t"O an tends to zoro vory rapidly,

3. POLAR COWTROL FUNCTIONS

3«1« General Egquations

In Pige 1 suppose that the accelerstion in climb applicd to the
TePs is £(r) a function of r only. It is intonded naturally
that this should be applied back along the radius vector to restoro
tho projectile to the mirror axis, Hovevor the projectilo is bankod
80 that in fact it movos at an angle @, in other words at an angle (@ -¢f)
to the radius vactor.

Tho equations of motion aro:=
I-rd? = -f (r) cos (e - @) 3L

%o (=%8) £ (r) sin (8 - p) 30142,

CRe 312
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In these two squations there are the three verisbles r, ® snd f, A third
squation expresses the form of contrcl epplied to the sileroms, The roll
inertis osnnot be negleoted legitimstely snd appesrs in the constants of the
e¢quation, which represents damped oscillstions ebout an equilibrium position ot
2 = 0end § a0, Otherwise the function is arbitrery, se sny form of demping .
and restoring mey be used.

ﬁ =h (el ﬂléb 'é) 301l

It i8 necessary t iantroducc the verisble # in order that the ettitude of
the projectile msy be referred to s fixed directicn, Tts presenoce implice that
some means of gemerating it must be provided in the projectile.

3.2. Pms Error

The effect of a phasing error is thet the radsr syetem fecds en angle
@ -« to the controls instead of O, Equation 3.1.3. shows that now the
equilibrium position is et g =9 -, & = 0.

To taks an over-simplified casc, suppose that the servos sre so powerful
and roll inertis sc amoll that the system departs from roll equilibrium for
only a negligible time, Suppose also thot no form of demping is used exoept
rolotive to (0 - §),

Then @ - # = does not vsry with 6, In thie oese £{r) sin (@ - £) will
be moinly of one sign snd so equation 3.1.,2, shows thot angular momentum about
the beam sxis will incrense indefintely with time, This shows that this eimple
form of polar control is unstable. :

Although the above is only a rough indication, it has bewn proved rigorously
thrt the system is unstsble. Furthermores, the gensral improvement which might
bu sxpected when the effuet of grovity ana trocking acceleraticns sre considered,
is not enough to guarantee stability. Zver when the phoeing error is zcro, the
system is not stable, and any time~lalis in the scrvos do not improve thu control,

In a general oase the threc squations 3.3.1, 5¢1.2, 3.1.3, cannot be sclved

formally. Probably a fairly simple polar control fynction oculd be made stazle,
but this ie diffioult to prove mathamatioally, 1f @ were made dependent on @,
the projectile could be osused to benk in such s wey os would tend to moke @ = O
Thie sppears to provide s steble syetem: oertainly the angular momentum would
remsin finits.

4e  CONCLUSIONS

It is consluded that » simpls Certssisn Control System can bs made stable,
and that if the oontrol funotion has longer -.time oonetents then the aerodynamio
equa tions of motion, e suffioisntly largs measure of derlvative control will
maintain the stability for o phosing error which spproaches 90°. If ths
phasing error is elways less then 70°, a moderstec smount of derivative control
suffices and the control is not sluggish,

A simple form of Polar Control proves to be unstoble, snd the treatment of
more oomplicstcd forme is found to be too difficult for s papsr onalyeis. These
are best studied on s mechine ss in fact is being done at Wslton.

R.R.D.E,
Malvern,foroe,
5th July,19.6,
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X+[Bx+Ax)COSx + (B +Ay)SINX = ©

SOLUTION OF
yt(By+Aycos« = (BX +AYSIN&= O

WITH INITIAL CONDITIONS Xs=I,| X = y = 3:0
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